PHYSICAL REVIEW E 68, 051502 (2003
Nonlinear voltage profiles and violation of local electroneutrality in ordinary surface reactions
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It is normally assumed that ordinary surface reactions, which involve no charge transfer between the surface
and electrolyte, have no effect on voltage. The present work shows, on the contrary, that nontrivial voltage
profilescanbe produced by ordinary surface reactions. Poisson’s equation then implies a nonzero bulk charge
density, so that local electroneutrality is violated. The specific system considered is a planar lead-acid cell, but
the results apply more generally, so long as the electrolyte charge-carrier diffusivities are not all the same. For
slow steady reactions the carrier fluxes vary linearly across the cell, which produce linearly varying electric
field and density gradients. As a consequence the voltage profile varies quadratically, and the volume charge
density is nonzero and uniform. This result has broad implicatierss, to steady-state oxygen loading of high
T. material$ and may provide a contributing mechanism for the origin of the electric fields observed during
biological growth.
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[. INTRODUCTION of the lead-acid cell was called the “principle of uniform
depletion.” The origin of this name is that, for slow steady
It is well known that slow and steady reactions involving discharge of a lead-acid cell, drift and diffusion within the
charge transfer between electrode and electrolyte producetaulk can keep up with the demands of the reactions at the
voltage profile across the electrolyteither a solid, such as electrode-electrolyte interface, and thus the bulk concentra-
the highT, superconductor L&uQ, ., or a fluid, such as tion decreases nearly uniformly in tim@here is, however,
H,S0O,). However, only recently was it shown that, when thea small concentration gradient proportional to the curyent.
transport equations are linearized in the current amplitirde  An analogy was made to a slowly emptying bathtub, wherein
practice, this means taking uniform ionic conductivitighe  the water level in the tub decreases nearly uniformly despite
resulting voltage profile can be spatially nonlinear. Such spathe fact that the tub empties at only one end. To verify this
tially nonlinear profiles occur for both fluid and solid elec- analogy supporting a uniform rate of depletion, the small
trolytes [1,2]. As a consequence, the frequently assumedmplitude frequency response of this system was studied; as
“principle” of local electroneutrality is violated1], and re- noted in the penultimate paragraph of Réf, in the limit of
sistances measured by Ohmic meaRg,,=AV/l) and by low frequencies the two solutions agreed. What could be
Joule heating Rjoy1e= Preat/1?) can differ[3]. called a “principle of uniform expansion and compression”
Specifically, solution of the transport equatidimcluding  is implicit in Helmholtz’s studies of low frequency acoustic
Gauss’s Lawin the limit of small ion flux yields that during resonancef4]. This principle has been employed in a study
slow, steady chargingor discharging the voltage profile of superfluid flow in packed powders, where for a one-
across a planar lead-acid cell varies quadratically in spacdimensional geometry open at one end it yields a velocity
[1]. For such slow steady surface reactions at the Pb anprofile that is linear in spacks].
PbO, electrodes, nonconvective ionic fluxes of hydrogen For currents large enough to cause 50% deviations from
(H™) and sulfate (HSQ) in the bulk can keep up with the equilibrium ion densities, Newman has assumed local elec-
ionic demands of the surface reactions, so that the rate dfoneutrality and then estimated that the extent of its viola-
ionic depletion(or accretion is uniform in the cell volume. tion is very smal[6]. No assumption of local electroneutral-
The continuity equation in one dimension then implies thatity is made in Chazalviel's work on electrodeposition and
the ion fluxes have a constant slope—implying that they varyelectrodissolution of metal electrodes and dilute salt solu-
linearly across the cell. Gauss's Law and the Planck-Nerngions containing cations of the metff]. This, unlike the
equations for ionic migration and diffusion then imply that present work, considers nonlinear effects. Given the present
the other vectors in the problem—the electric field and theease of numerical computation, it is no longer necessary to
ionic density gradients—also vary linearly in space. Thesimplify the transport equations in order to solve them, and
equations further imply that the voltage profile varies qua-progressively more work does not assume local electroneu-
dratically in space, and that the bulk charge density is drality. For violations of local electroneutrality in semicon-
nonzero constarjtL]. In the present work we apply the same ductors, see Ref$8] and[9].
approach to the lead-acid cell on open circuit, but including Using a current density of 1¢ A/lcm? and plate separa-
the inevitable self-discharge reactions that cause batteries ton d=1 mm, Ref[1] predicts a volume charge density of
“go bad” when not regularly recharged. Because these reacabout 2.5 10 2 C/cn?. (Global electroneutrality is main-
tions demand ion fluxes to the electrodes, we again find &ined by charge located within a Debye length of the elec-
guadratic voltage profile, despite the absence of electric cutrodes) The corresponding fractional change in ionic density
rent flow, although the details differ from the profiles for is less than 10'% On the other hand, in the voltage profile
charge and discharge. the quadratic and linear variations are predicted to be com-
The method employed in Refl] to study the electrolyte parable. The only technical requirement for a significant
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component of quadratic variation in the voltage profile is thatwith the opposite slope will develop across the rod.

the ion diffusivities must differ significantly; otherwise dif- Section Il summarizes Refl], which analyzed a one-

fusion alone would be able to satisfy the demands of thelimensional cell containing concentrated3®, in terms of

reactions at the electrode surfaces. Sincei¢hs have about the faradaic reactions of Hand HSQ" ions at the Pb and

seven times the diffusion constant of HSOions, this re- PbQ, electrodes of a lead-acid cell. Section Il shows how

quirement is well satisfied in the lead-acid cell. slow, steady nonfaradaic surface reactions that are constant
Such a quadratic voltage profile for slow, steady surfacén time produce a quadratic voltage profile. Section IV con-

reactions involving charge transfer should be the rule rathe¢ludes with a discussion of how this effect might be mea-

than the exception, so long as the ion diffusivities differ.sured, and of its biological implications.

Indeed, Ref[2] studied electrical transport by ,k@uQ, ,

and LgNiO,, , solid electrolytes that are mixed ionic, elec- Il. FARADAIC REACTIONS

tronic conductors. In these systems the charge carriers are ) . )

02~ and holes, with very different diffusivities. Rods of ~ Let H refer to H™ ions and S refer to HSO ions, with

these materials are predicted to develop a quadratic voltagenic number densities; andns, and ionic fluxesj,; and

profile during slow, steady electrochemical oxygenationjs- Referencg1] considers a one-dimensional cell contain-

wherein G~ “loads” at one end and electrons leave at theing concentrated sulfuric acid, with active ions" Hand

other end. HSQ,™ . (For cylindrical and spherical geometries, see Ref.
Properly speaking, such surface reactions, involving13].) Following Ref.[1], the Pb electrode is at=0 and the

charge transfer between electrode and electrolgmled PbO, at x=d. At the Pb electrode the faradaic reaction is

faradaic reactiony, lie within the province of electrochem- taken to bg10,11]

istry. On the other hand, the present work considers ordinary

surface reactions, which involveo charge transfer between Pb+HSO,” —PbSQ+H"+2e". ()]

electrode and electrolyt@and thus calledhonfaradaicreac-

tions). However unexpected a quadratic voltage profile is forAt the PbQ electrode the faradaic reaction is taken to be

slow, steady faradaic reactions, the present work reports an

even more unexpected result: slow, steady nonfaradaic sur-  PbQ,+3H"+HSO,” +2e”—2H,0+PbSQ. (2

face reactions also produce a quadratic voltage profile. This

actually constitutes two resultgt) nonfaradaic surface reac-  Clearly, during discharge the added make Pb the nega-

tions produce a nontrivial voltage profil€2) this voltage tive electrode and the removets make the Pb@the posi-

profile varies quadratically in space, and thus local electrotive electrode. These reactions cause equal depletion rates of

neutrality does not hold. It is essential that the ion diffusivi-H™ and HSQ™ when averaged over the two electrodes. For

ties be different. slow, steady reactions this statement implies uniform and
We consider the specific case of a planar lead-acidsell equal depletion rates for each ionic species; tls,

that our results apply to the voltaic cells of a battery sitting= g;ng is a constant in space.

on a shelf or in a car that is not being usddis well known The continuity equations for the ionic densitiesnd for

that nonfaradaic surface reactions cause such a battery tbe ionic fluxes are

discharge; the present work implies that such discharge can

be monitored by the voltage profile within the electrolyte. 0=dinytdyjn, 0=dingtdyjs. 3)

From a practical viewpoint, since for a lead-acid cell the

self-discharge rate depends on the characteristic pore sifer slow, steady reactions these equations lead to ionic fluxes

within the electroddfaster for more open pores and slower having the same slope. Applying the boundary conditions

for more closed pores, in proportion to the reaction area ofletermined by(1) and(2), the bulk fluxes are given by

the electrodes such discharge must decrease slowly with

time[10-12. When a battery discharges or charges via fara- . . X

daic reactions, unless the rates are extreme the faradaic and JS(X):JO( _1+26

nonfaradaic surface reactions are independent. Hence studies

of the voltage profile due to faradaic reactions alone must, itHerej,>0 corresponds to discharge. From E8}, the elec-

real systems, also include the effect of nonfaradaic surfacgic current densityl is, with e the magnitude of the electron
reactions. During charge or discharge the faradaic reactiongharge,

dominate, but otherwise the nonfaradaic surface reactions

(which are always presenare the only ones to occur. X
The present work implies that, if one or both ends of arod  J(X)= —ejg(X) +ejy(X)= eJo( 1- 2d 1+25

of La,CuQ,,, are subjected to a high pressure of gaseous

oxygen(as is often done to change the stoichiomgtsyp that =2ejp. (5)

by an ordinary surface reactiorfOand holes enter the rod,

thus “charging” the rod, then a voltage profile will develop Thus the current is given, for a cell of cross-sectional area

across the rod. Correspondingly, if a rod that has been “overA, by

charged” with oxygen is subjected to a vacuum at both ends,

so that the rod tends to lose oxygen, then a voltage profile I=JA=2ejjA. (6)

X
1+2-

- n00=jo| 12g). @

+ejo
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Note thatl>0 for j,>0 (discharging, and1<0 for j, 0
<0 (charging. A characteristic steady value fbrs 200 mA, 0.2 Faradaic Discharge
which, with a plate areaA of 100 cnf, gives ej, o (current feft to right)

=10 A/n?. The characteristic time to reach steady state igdmensionless

voltage -0.8
[14] 1
d.1 . 2D.D 12
=2, D=2 (7) 14
m™ D Dy+Ds -1.6
0 0.2 0.4 0.6 0.8 1
/d
For d=1mm and D¢=1.3x10"°m%s, Dy=9.3 Pb imensioness positon PbQ

x 10" ° m?/s, soDy~7Dg, which givest=40 s. Since the
decay is exponential, aftér=2.57=100 s the steady state is  FIG. 1. Dimensionless voltage profile of E(L6) for faradaic
effectively attained. In this case, the amount of charge pedischarge.

unit area that enters or leaves the system is of the order of

2ej,7, which corresponds to number-density changes otJsing the specifig, andjs of Eq. (4), which carry current,
sn=2j,7/d. For the present case, withj,=10 A/n?, d  the corresponding fiel&' is found from Eq.(13) to be

=1 mm, andr=40 s, the result i$n=5.0x 10°Ym?. _

The system also satisfies Gauss's law, which relates the ¢ _ €lo [(i+ i) +(i_ i) 2x
divergence of the electric fiell to the local charge density ony/Dy+os/Ds|{Dy  Ds/ Dy Dg/ d
p. Writing E for E,, and with charge densitp=e(ny
—ng), Gauss’s law in one dimension is

Equation (8) then yields the voltage profil®'(x) due to

JE p e currentl,
X e (Mu7Ny). €S) | | -
VI(x)—V'(0)=— ] dxE(x)
Heree=key, k~78 for water, ance, is the permittivity of 0

free space. ejo/d 1 N 1 q
Finally, since we neglect convection, the ionic fluxes are == /Dt o /D D. ' De X
driven both by migration due t& and by diffusion due to (75/Ds+au/Dy)[ | Dy Ds
concentration gradients. This fact is contained in the Planck- 1 1),
Nernst equations b, Dg | (15
. Ny
eju=onE—eDy— -, (99 Using ny=ng=0.3x10°¥m® (corresponding to a well-
charged cell, 35% k50, by weighd and Eq.(11), Eq. (15
_ g yields oy /Dy=0g/Ds=1.87x10°s/Q m>. Further, Dg
—€js=osE+eDs— -, (10 =1.3x10"9m?s, Dy=9.3x10"°m?/s, so Dy~7Ds.

This leads toos=24.7(0 m)~! and o;=176.6(2 m) %,

whereDy, and Ds are diffusivities andrs and o, are con-  values appropriate to dilute acid0-132.
ductivities, related by the Einstein relations SinceE varies linearly in space, it has a nonzero diver-
gence, and therefore, by Gauss’s Law, a honzero charge den-
sity: local electroneutrality does not apply.

Note that, for the present sign conventions, during dis-
chargel and j, go rightward, withV'(d)—V'(0)<0 and

To solve these equations, we first take the gradient of botlipward (positive curvature; current and voltage difference
sides of Eq(8), and then use Eq$9) and(10) to eliminate  both reverse during charge. Equatiqd5) yields AV

2
OHs_€MNus
DH'S kBT ’

(11)

the density gradients. This gives =|V'(d)-V'(0)|=(2ejod/Dy)/(0s/Dg+ oy /Dy).  For
PE elloy 0o\ E [in s ej0|=10 A/m? and d=1mm, Eg. (15 yields |V!(d)
—=—|| =—+ _) —_ (_ - _) i (12  —V'(0)|=0.057 mV. Figure 1 depicts a dimensionless form
ox“ €[\Dy Ds/e \Dy Ds of the voltage profile of Eq(15),

Since Eq.(4) shows thatjy and jg are linear inx, it is _ 5 1 Dy (X Dy [ x)2

consistent to take&E=E, to be linear inx, since then the V'(x)—V'(O)z—E (1+D—S (a) +(1_D_S)(a> .

left-hand side of Eq(12) is zero.(This neglects homoge-
neous solutions, which correspond to Debye screening near

the electrodes.With the left-hand side of Eq(12) set to  Thjs case corresponds to discharging, where the Pb electrode

(16)

zero, Eq.(12) leads to is on the left and the PbCelectrode is on the right.
. . Basically,AV=¢ejyd/oy, and sincery~ny, for fixedd
E:;<J_H_J_5)_ (13 the quantity jo/ny determinesAV. Also, the fractional
ony/Dy+os/Ds\Dy Ds change in ny after time t is &ny/ny=j,t/nyd
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=(jo/ny)(t/d). Hence, if we increasdV, then we increase 0
on/ny in proportion. Since thei\ialuee;joz 10-A/rnzlandd :g:; non-Faradaic Reaction at Pb
=1 mm give ny/ny=0.4<X10"%, we can either increase 03
the current or decrease the concentration by a factor of 2000 -0.4
and still havesn, /ny=0.08. This increasesV to 114 mV, '8-2
a rather appreciable value. 07
At sufficiently low concentrations that the,HO, is dou- -0.8
bly ionized, and hence the electrode reactions differ from 'O-f
those considered here, for slow steady surface reactions the "o 0.2 0.4 0.6 0.8 1
above reasoning still applies, although the detailed field, Pb x/d PbOy

voltage, and charge density diffgt5].

FIG. 2. Dimensionless voltage profile 2(x/d)+ (x/d)? for
lIl. NONFARADAIC REACTIONS nonfaradaic discharge associated with ion flow to the Pb electrode.

Referencd 1] assumed that the only ionic currents at theCorres ondinalv. in the slow. steadv regime
electrodes are those associated with electric current flow P gy ' y reg
(faradaic reactions|f only faradaic reactions occur, then the X
voltage profile across the cell should be uniform in the ab- js(x)=jH(x):ij02(
sence of current flow. In the present section we show that, for
non-current-carryingnonfaradait reactions, theory predicts . Pb

a quadratic voltage profile even in the absence of currenf’Nere the hydrogen ﬂ“’ﬁ %0 at the PbQ electrode be-
flow. Note that the nonfaradaic reactions satigfy=js [so  cause the H ions flow rightward to react with the PRO
that by Eq.(5) there is zero net electric currdnfFaradaic ~ €lectrode. Forj, and js in Eq. (21), which correspond to

discharge depends upon the pore size within the electrode&actions only at the Ph(plate, Eq.(13) yields a field

and thus varies with the state of the battery. A well charged PbO,
(poorly chargedl battery is expected to have largemal) EPbO,_ €ly 1 14X 23
pores and a largesmal) nonfaradaic reaction rate. ~ oy/Dy+tog/Dg\Dy Dg/d’ (23

At the Pb plate we expect the nonfaradaic readfidn11]
This field leads to a voltage

Pb+HSO, +H" —PbSQ+H,. 17)
-PbO,
. o . ej, -d 1 1
C d to this, in the slow, stead PbO, —\VPo oy - — " | = =
orresponaing to tnis, In the siow, steady regime V 2(X) V (0) O-S/DS+ o /DH ( DH DS)
. . _Pb[ 4 i X2
]S(X)_JH(X)_]H (1 d ’ (18) X 2d2) ) (24)

where the hydrogen fluk:"<0 at the Pb electrode because
the H' ions flow leftward to react with the Pb electrofi.
Fig. 1). Forj, andjsin Eq. (18), which correspond to rea
tions only at the Pb plate, E4L3) yields a field

ejh® 1 1
O-H/DH+O-S/DS DH DS

With jfib02>0, Eqg. (24) leads to the dimensionless form
o. (x/d)® given in Fig. 3. It corresponds tov""%(d)
>VPP%(0) and upwardpositive curvature.
For both nonfaradaic reactiosvaries linearly in space,
X so it has a nonzero divergence, and therefore, by Gauss’s
1- a). (19 Law, a nonzero charge density; local electroneutrality is vio-
lated.
For all three of these reactiofsne faradaic and two non-
faradaig, the quadratic component of the voltage is signifi-

EPb:

This field leads to a voltage

VPb(X)_VPb(O):_i( 1 1 )

os/Dgt+oy/Dy\ Dy Dsg g-g non-Faradaic Reaction at PpO
x x? N 0.7
_ imensionless (.
<52 20 mmen
0.4
With ji°<0, Eq. (20) leads to the dimensionless form o
—2(x/d)+(x/d)? given in Fig. 2. It corresponds to ol
VPP(d)>VPP(0) and upwardpositive) curvature. 0 0.2 0.4 0.6 0.8 1
At the PbQ plate, we expect the nonfaradaic reaction Pb oxd PbOp
[10 1]] dimensionless position

" _ | FIG. 3. Dimensionless voltage profile/d)? for nonfaradaic
PbO+H"+HSO, —H,0+PbSQ+350,. (21)  gischarge associated with ion flow to the Bb&ectrode.
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cant because the diffusion coefficiemls; andDg are rather drop occurs across the double-layer regions at each
different. If they were the same, there would be no quadratielectrode-electrolyte interface. (Similarly, for a
term. semiconductor-metal interface, most of the adjustment takes
It is possible to estimate the nonfaradaic discharge ratplace within the lower conductivity material[16] Our
from the rule of thumb that a lead-acid battery “spontane-present interest is in the much smaller voltage drop across
ously” discharges(due to these very reactionat about the cell itself.
1% per day. Assuming a battery with a full charge of 60 Ah  To our knowledge there have not yet been any experi-
at 12 V, a single 2 V cell contains eight subcells, eachments of this sort, wherein voltage profiles within the cell
with full charge of 7.5 Ah at 2 V. The nonfaradaic dischargeitself (rather than across the working electrodd® ensure
rate e(|j|:’b|+|j|:’b°2|)A is thus 0.01(7.8h)/24h=3.125 ']Ehat the plrledicted guad(;atic d_eple;nqlgnce isI observe_d, atlleast
_3 _ . Pb, |:PbO, our equally spaced and nominally identical measuring elec-
X107° A, Then A=100cni gives e(ljy 1341 trodes (e.g., platinum or sulfated leadshould be placed

;?&g a,lb\ér(rjs CEZLS J?;etelss :\?g!tiCmoggiﬁgetfot;?%igegSdt'rgwithin the electrolyte. Before any measurements are taken
9 : 9 Rith the cell in place, the baseline relative voltages of the

across the sample, dug to both nonfaradaic surface reactiongy, oo ges should be establishee., in distilled water or in
is AVP=[e(|ji’[+]jy 2Nd][Dn/Ds—1]/40yy, which  gyifuric acid of nominally uniform concentratipnin addi-
yields AVNF~13.6 uV. Although small, this voltage is nev- tion, when the measuring electrodes are in place, it must be
ertheless measurable. An electrode design having porestablished that their readings are indeed proportional to the
smaller by a factor of two but with the same macroscopicactual local voltage within the electrolyte. This conclusion
area would have about four times the effective area for reaQ‘nay require consideration of the doub|e_|ayers at the mea-
tions, and thus four times the reaction rate and henceuring electrodes, and how they are affected by ion flow.
AVNF~55 uV. The prediction that slow, steady nonfaradaic reactions can
lead to nontrivial voltage profiles has broad implications.
IV. CONCLUSIONS Monitoring of batteries without electrical discharge has been
mentioned, as has voltages induced in a sample by oxygen
Yntake at surfaces. Moreover, biological growth sites attract

. . . : chemicals. They thus serve as electrodes, with reactions that
actions produce ionic fluxes that vary linearly in space. Theare either faradaic or nonfaraddar a linear combination of

linear spatial variation of the ionic fluxes then leads to ang o w0, according to whether or not the individual ionic

e_:lectnc _f|eld and 1o lonic densm_/ gfad!e’?ts that also ValYcurrents produce a net electric current. Hence one can expect
linearly in space. The linear spatial variation of the electric

field then leads both to a quadratic voltage profile and to %gggg: rgfsldgeé% SESZ‘:’\?Q;? ted with biological growth, as
uniform volume charge density; the latter implies that local '
electroneutrality does not hold. One consequence of this re-

sult is that properties of a battery can be studied by monitor- ACKNOWLEDGMENTS
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For a planar geometry we have shown how slow, stead
ordinary (nonfaradaic, or noncurrent producjngurface re-
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